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PONTRJAGIN FORMS AND INVARIANT OBJECTS RELATED TO
THE Q-CURVATURE
THOMAS BRANSON AND A. ROD GOVER
Abstract. We clarify the conformal invariance of the Pontrjagin forms by giving them
a manifestly conformally invariant construction; they are shown to be the Pontrjagin
forms of the conformally invariant tractor connection. The Q-curvature is intimately
related to the Pfaffian. Working on even-dimensional manifolds, we show how the
k-form operators Qk of [10], which generalise the Q-curvature, retain a key aspect
of the Q-curvature’s relation to the Pfaffian, by obstructing certain representations
of natural operators on closed forms. In a closely related direction, we show that
the Qk give rise to conformally invariant quadratic forms Θk on cohomology that
interpolate, in a suitable sense, between the integrated metric pairing (at k = n/2)
and the Pfaffian (at k = 0). Using a different construction, we show that the Qk
operators yield a generalisation of the period map which maps conformal structures
to Lagrangian subspaces of the direct sum Hk ⊕ Hk (where Hk is the dual of the de
Rham cohomology space Hk). We couple the Qk operators with the Pontrjagin forms
to construct new natural densities that have many properties in common with the
original Q-curvature; in particular these integrate to global conformal invariants. We
also work out a relevant example, and show that the proof of the invariance of the
(nonlinear) action functional whose critical metrics have constant Q-curvature extends
to the action functionals for these new Q-like objects. Finally we set up eigenvalue
problems that generalise to Qk-operators the Q-curvature prescription problem.
1. Introduction
1.1. Overview. In recent years there has been much interest in Q-curvature on even-
dimensional conformal manifolds [7, 16, 17, 18, 19, 27, 28, 30, 32, 33, 34, 35]. Q-curvature
naturally appears in Polyakov-type formulas for the determinant or torsion quotient with
respect to a differential operator or elliptic complex with good conformal behavior. It
is shown in [32] that the integral of the Q-curvature is the action functional for the
Fefferman-Graham obstruction tensor. This is in turn associated with the AdS/CFT
correspondence, and in fact quantities having some properties in common with the Q-
curvature appear in the volume asymptotics of conformally compact Poincare-Einstein
spaces. In terms of elementary geometric analysis, the prescription problem for the
Q-curvature provides a higher-dimensional generalisation of the 2-dimensional Gauss
curvature prescription problem.
The above-mentioned Polyakov-type formulas have motivated study of the structure of
natural densities U having conformally invariant integral. Conformal indices in the sense
of [12], or trace anomalies in Physics, are quantities built from spectral zeta functions ζ(s)
(and specifically from their conformally invariant values ζ(0) at s = 0); these take the
form
∫
U . The functional determinant or one-loop effective action is a spectral invariant
that provides a regularisation of a divergent functional integral; a torsion quantity is a
certain well-chosen linear combination of functional log-determinants ζ ′(0). The local
part of the conformal variation of these determinants are given by integrals of quantities
U as above against arbitrary functions (conformal factors). This makes it worthwhile
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to understand the space of natural densities U that can appear; see e.g. [21]. Though
this is easy to do in, for example, dimension 4, by writing out all the possibilities,
the situation is not well understood in higher dimensions, despite the relevance of this
problem to string and brane theories; see [5] for some work in dimension 8. A conjecture
of central importance is the proposal that each natural density U with conformally
invariant integral is the sum of a multiple of the Pfaffian, a natural exact divergence,
and a natural locally conformally invariant density. Settling this is proving to be not
at all straightforward, see [1] for some recent progress. The Q-curvature captures the
conformal content carried by the Pfaffian, in the sense that its integral is a fixed multiple
of the Euler characteristic in the locally conformally flat case, so this conjecture is
equivalent to the analogous one in which the Pfaffian is replaced by the Q-curvature. A
separate conjecture [11] asserts that the Q-curvature and suitable modifications are the
only terms that can appear in a certain way in the local part of a Polyakov-type formula.
A central result here is a new construction of natural densities that are “Q-like” in
the sense that each of these densities integrates (in the compact setting) to a conformal
invariant and has conformal variation by a formally self-adjoint linear operator on the
log of the conformal factor. There has been recent progress in the construction of such
densities [28, 30]. The construction here in Theorem 5.2 takes a completely new direction
in that the components of the construction are essentially non-local; they arise from
coupling Pontrjagin forms with the local expression for a global (integrated) conformal
pairing.
Our analysis of the structure of the deRham complex from the viewpoint of confor-
mal structure in [10] has uncovered a series of linear differential operators Qk on lower
degree cocyclic forms that admit linear conformal change laws – that is, which “act like
Q-curvatures”. In fact, the classical Q-curvature Q of [6] is essentially the lowest-valence
member of this series (Q = Q01). The Qk compress to maps between cohomologies and
spaces of conformal harmonics and this generalises the fact that
∫
Q0 is a numerical
conformal invariant. One of the key results is Theorem 3.2 which proves that these
Qk-operators encode global information. The conformal change of Q is by an exact
divergence, yet Q is not just the sum of a local conformal invariant and an exact diver-
gence. In the conformally flat case at least, the Pfaffian is the obstruction. Theorem
3.2 shows the analogue is true for the Qk operators. The Qk changes conformally by an
operator with a left composition factor of the differential form coderivative δ, yet Qk is
not just the sum of a conformally invariant operator and something with a left δ factor.
This establishes that Q-curvatures and Q-operators encode deep information about con-
formal structures beyond what is available from the classification of locally conformally
invariant tensors and operators. In particular, while they do give conformally invariant
cohomology maps these do not arise from objects with local conformal invariance. This
is an indication that the k-form Q operators for k 6= 0 are conformal analogues of the
(scalar) Pfaffian.
The global conformal content of the Qk-operators is captured by a global pairing in
Theorem 4.1. This shows that in a suitable sense and under suitable conditions on
the conformal structure (conditions which we expect to be generic), the Qk give rise to
conformally invariant real-valued quadratic forms Θk on the cohomologies Hk. When
k = n/2, this quadratic form is the integrated metric pairing, while for connected,
conformally flat manifolds, Θ0 is a multiple of the Euler characteristic. (Relaxing the
connectedness assumption, it multiplies the class in 0-cohomology contributed by a given
connected component by that component’s Euler characteristic.) Thus one may view
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the Qk operators as special local and natural expressions for these global quantities.
In Section 7.1 we establish eigenvalue problems that generalise to Qk-operators the Q-
curvature prescription problem. For a class of 10-dimensional manifolds, we exhibit a
solution to such a prescription problem in Section 6. These examples establish that the
new objects constructed in Theorem 5.2 are not trivial in general.
It should be interesting to determine whether the Θk distinguish conformally flat
structures on a given fixed manifold or whether, in this setting, they reflect only topo-
logical data. On the other hand in general we expect the Qk operators to be sensitive
to conformal structure and in Proposition 4.2 we construct a map from the space of
conformal structures on M to the Grassmannian of Lagrangian subspaces of Hk ⊕Hk.
This generalises a special case of this generalised period map developed by Eastwood
and Singer [24]. For some applications of period maps to gauge theory, see [22], Section
4.3, and [38, 36].
Apart from those mentioned already, the main results are as follows. We show that the
Pontrjagin classes of the standard conformal tractor bundle agree with the Pontrjagin
classes for TM . This leads to a new and simple proof that the Pontrjagin classes of the
tangent bundle obstruct conformally flat metrics. The argument uses no explicit infor-
mation about forms representing the classes. We then show that in fact the Pontrjagin
forms for the tractor bundle (not just their cohomology classes) agree with the usual
Pontrjagin forms. This provides a transparent explanation for the conformal invariance
of these forms (first proved by Chern and Simons [20]). It also suggests the point of view
that the Pontrjagin forms are more naturally associated to the tractor connection than
to the Levi-Civita connection, since the latter involves choices (in particular a metric
from the conformal class) that are not necessary in order to write down these forms.
Theorem 5.3 shows that the Q-operator of lowest positive (in fact second) order is
capable of producing Q-like objects even when coupled to an auxiliary bundle and con-
nection, while Theorem 5.4 shows that the higher-order Q operators definitely do not
perform this service. Theorem 7.1 establishes the conformal transformation invariance
of the action functional associated to the problem of prescribing constancy for Q-like
invariants.
We would like to thank Peter Gilkey and Claude LeBrun for helpful discussions,
and the National Center for Theoretical Sciences (Mathematics Division) of Taiwan for
support during a workshop where much of this work was done. The second author
would like to thank the Royal Society of New Zealand for support via Marsden Grant
no. 02-UOA-108, and the New Zealand Institute of Mathematics and its Applications
for support via a Maclaurin Fellowship.
1.2. Basic constructions. We define a vector space of Q-like objects, the linear Q-
space, as follows. Let I be the space of natural (−n)-densities A on pseudo-Riemannian
manifolds of even dimension n; that is, quantities built in a universal and polynomial way
from a pseudo-Riemannian metric and its inverse, together with the associated covariant
derivative ∇ and Riemann curvature R. Our normalisation of conformal density weights
is such that (−n)-densities are integrable given only a conformal structure; henceforth
we shall simply use the term densities to refer to these. In a natural density, for each
monomial summand, the number of ∇ plus twice the number of R occurring is n. Under
a conformal change of metric ĝ = e2ωg, where ω is a smooth function, we have
Â = A+A1(dω, g, g−1,∇, R) + · · · +An(dω, g, g−1,∇, R),
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where As is a universal polynomial which is s-homogeneous in dω. It is an elementary
exercise to show that if As is identically zero (for all g and ω), then so are the At for t > s.
Thus Is := {A | As+1 = 0} is a filtration of the set of natural densities. In particular,
I0 is the space of conformally invariant natural densities. It is also elementary to show
that if A ∈ Is, then
(1) ω 7→ As(dω, g, g−1,∇, R)
is a conformally invariant s-homogeneous differential operator from functions to densi-
ties. In particular, if s = 1, this is an invariant linear differential operator.
The linear Q-space is a certain subspace of I1, the densities with a linear confor-
mal change law. The additional condition that we shall impose reflects the origin of
the Q-curvature concept in the study of determinant and torsion quotient formulas
[13]. Because the conformal variation of a Q-curvature should be the second confor-
mal variation of a (possibly nonlocal) quantity, there should be a symmetry condi-
tion for this second variation. This works out to be as follows. For any A ∈ I, let
(bA)ω := A1(dω, g, g−1,∇, R). Since bA is a linear differential operator from functions
to densities, and these are naturally dual given a conformal structure, the formal adjoint
(bA)∗ is also a linear differential operator from functions to densities. We define IFSA
to be the subspace of A ∈ I for which bA is formally self-adjoint. Note that d is a right
composition factor for any bA. Thus if A ∈ IFSA, then (from the normal form of [23])
the real coefficient operator bA has a factorisation bA = δNd for some natural operator
N .
The linear Q-space is
IQ := I1 ∩ IFSA.
By the remark around (1), for each Q ∈ IQ, the operator bQ is conformally invariant;
we also know it is formally self-adjoint and of the form δNd. In particular,∫
Q̂ =
∫
(Q+ δNdω) =
∫
Q,
since δNdω is an exact divergence. This shows that
∫
Q is conformally invariant. El-
ements of IQ representing nonzero classes modulo I0 (i.e. elements which are not just
local conformal invariants) are especially interesting.
The linear Q-space makes precise a notion of “Q-like”. In this announcement, we
indicate how one may allow the Qk to act on characteristic forms to obtain elements of
the linear Q-space. Alternatively, instead of maximally reducing the valence in this way,
we may use characteristic forms to obtain additional operators on cocyclic forms with
linear conformal change laws.
2. Conformal forms
For a complex vector bundle V of rank N , let us write AB to mean the composition
of sections A,B ∈ Γ(End(V )). By construction the function
sk(A) = Tr(AA · · ·A︸ ︷︷ ︸
k
)
is an invariant which is pointwise polynomial (and homogeneous of degree k) in the N2
components of End(V ). In the following, we shall call such objects polynomial invariants.
We recall that the sk(A) polynomially generate all such invariants.
Since exterior multiplication is commutative on even forms, for a given polynomial
invariant P (A) we can replace the section A ∈ End(V) with a 2-form F taking values in
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End(V) to obtain an invariant, and in general non-trivial, 2k-form that we denote P (F ).
That is, P determines a map
P : E2(End(V))→ E2k,
which is algebraic in the sections F ∈ E2(End(V)) since it arises from a bundle map.
This construction is most famliar when F = FD is the curvature of some connection D
on V. In this case the following results are well known (see e.g. [37]).
Lemma 2.1. For each polynomial invariant P and connection D, P (FD) is a closed
form. The deRham cohomology class [P (FD)] ∈ H∗(M ;C) is independent of the choice
of connection D on V, and isomorphic vector bundles define identical cohomology classes.
Recall that the ℓth Chern character class of the complex vector bundle V is the class
in H2ℓ(M ;C) given by
(2) cℓ(V) = 1
ℓ!
[
sℓ
( −1
2π
√−1F
D
)]
,
for any connection D on V. (It is slightly more convenient here to use these character
classes rather than the Chern classes, whose definition involves the elementary symmetric
polynomial σℓ instead of sℓ.) The k
th Pontrjagin character class of a real vector bundle
V is simply c2k(VC), and takes values in real cohomology. In this setting we will call the
forms
(3) pDk =
1
(2k)!
s2k
( −1
2π
√−1F
D
)
Pontrjagin forms.
It is result of Chern and Simons [20] that the Pontrjagin forms for a Riemannian
connection are conformally invariant. We will show here that in fact these forms arise
from the conformally invariant tractor connection ∇ [3, 14] on the (real) tractor bundle
T. Let us write Ω for the curvature of the standard tractor connection. Since this
connection preserves a metric on T, the invariant p-forms P (Ω) vanish identically unless
they have degree p = 4k. (Contraction with several copies of the metric produces a self-
or skew-adjoint endomorphism according to whether p is of the form 4k or 4k + 2.)
Definition: For each k ≥ 1 we will call the closed 4k-form τk = pTk the kth conformal
Pontrjagin (character) form for a Riemannian or pseudo-Riemannian manifold and we
will use the term conformal form for any invariant form generated by the conformal
Pontrjagin (character) forms. We first observe that these recover the usual character
classes.
Theorem 2.2. For k ≥ 1 the class [τk] ∈ H4k(M) is phk(TM), the kth Pontrjagin
character class of the tangent bundle.
Proof: From its definition [3, 14] the tractor bundle T is isomorphic (as a vector bundle,
without considering further structure) to the direct sum bundle R⊕TM⊕R. The latter
may be equipped with a connection which is a trivial extension of any connection on
TM , so the result follows from the definition and Lemma 2.1. 
Since the tractor curvature vanishes on manifolds that are (locally) conformally flat,
it follows that we have an alternative proof of the following result of [20]:
Corollary 2.3. The Pontrjagin character classes
phk(TM) k ≥ 1
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vanish on manifolds M that admit a metric (of any signature ) which is locally confor-
mally flat.
Alternatively one obtains Theorem 2.2 from the stronger result that follows. Here R
denotes the Riemann curvature tensor for Riemannian (or pseudo-Riemannian) structure
on M , and C the corresponding Weyl curvature.
Proposition 2.4. On a manifold with a metric g of any signature,
(4) τk =
1
(2k)!
s2k
( −1
2π
√−1C
)
=
1
(2k)!
s2k
( −1
2π
√−1R
)
,
where in the middle expression we regard the Weyl curvature as an End(TM)-valued
2-form.
Proof: Following the notation of [30], in terms of the metric g the tractor curvature is
given by
Ωab
C
D = Z
C
cZD
dCab
c
d − 2XCZDd∇[aPb]d − 2XDZCd∇[aPb]d.
The upper case tractor indices may be raised and lowered using the tractor metric, and
the tractor projectors Z andX combine via the tractor metric according to ZD
dZDe = δ
d
e
(the Kronecker delta), XDZD
d = 0 and XDX
D = 0. It follows that all pairings vanish
other than ZZ pairings, and the first equality in (4) is then immediate.
The equality relating s2k(C) to s2k(R) follows easily from a direct calculation; see e.g.
[2]. 
3. The Qk operators
In [10] the authors constructed, for k = 0, 1, · · · , n/2+1, natural operators Qgk : Ek →
Ek, with Qgn/2 a nonzero constant, Qgn/2+1 = 0 and otherwise with properties as follows.
(Here and below, Ek denotes the bundle of k-forms or, by way of notational abuse, the
sections of this bundle; and Ek is the tensor product of Ek with the (2k − n)-densities.)
We shall sometimes suppress the dependence of Qgk on the metric g and write simply
Qk.
Proposition 3.1. Up to a non-zero constant scale, Qgk has the form
(dδ)n/2−k + LOT
and Q01 is the (Branson) Q-curvature. Upon restriction to the closed k-forms Ck, Qgk
has the conformal transformation law
(5) Qĝku = Q
g
ku+ δQ
g
k+1d(ωu)
where ĝ = e2ωg with ω a smooth function.
It follows that δQgk+1d =: Lk : Ek → Ek is conformally invariant.
A question of some interest is as follows. If S is a natural Riemannian density with∫
S conformally invariant on compact manifolds, then is it necessary that
S = const·Pff + L+ V,
where L is a local conformal invariant and V is an exact divergence?
This question has implications for the Q-curvature (and other natural densities in the
linear Q-space), since
∫
Q is conformally invariant. From our current viewpoint, Q arises
as Q01, where Q0 is a natural differential operator as in Proposition 3.1. Rephrasing
things to respect this viewpoint, we come to the following equivalent question. Let
Pontrjagin forms, Q-space 7
Ck := Ek/R(δ), and let πk : Ek → Ck be the quotient map. Suppose S is a natural
differential operator E0 → E0 with the property that π0◦S|C0 is conformally invariant. Is
it necessary that
S|C0 = [const·Pff + L+ δU ]|C0 ,
where L : E0 → E0 is a natural differential operator with L|C0 conformally invariant,
and U is a natural differential operator U : E0 → E1 ? (Note that the composition just
mentioned acts δU : E0 → E0 .) Of course in the last display we view const·Pff as a
multiplication operator.
More generally, there is an analogue of this question for operators on k-forms with
k = 0, 1, · · · , n/2 − 1. If S : Ek → Ek is a natural differential operator with πk◦S|Ck :
Ck → Ck conformally invariant, is it necessary that
(6) S|Ck = [O+ L+ δU ]|Ck ,
where L : Ek → Ek is a natural differential operator with L|Ck conformally invariant, U
is a natural differential operator Ek → Ek+1, and O means const·Pff for k = 0, and 0 for
all other k?
It turns out that that we can answer this more general question in the negative if
k ≥ 1, with the Qk operators as counterexamples. Note that by (5), the invariance
hypothesis on πk◦Qk|Ck is satisfied. Let us fix k ∈ {1, · · · , n/2− 1} and suppose, with a
view to contradiction, that as an operator on Ck we have Qk = L+ δU with L and U as
above. Now we consider the situation on a conformally flat manifold. Since
L : Ck → Ek
is conformally invariant, it follows that
Ld : Ek−1 → Ek
is conformally invariant. From the classification of invariant operators on locally confor-
mally flat manifolds (see e.g. [25]) it follows that Ld = 0. Thus δQkd = 0 on conformally
flat manifolds. This contradicts Proposition 3.1, which asserts that the leading term of
δQkd is a non-zero constant multiple of (δd)
n/2+1−k . In summary we have the following:
Theorem 3.2. For k ∈ {1, · · · n/2 − 1} the operators Qk : Ek → Ek of Proposition 3.1
cannot be written in the form L+δU where L : Ek → Ek is a natural differential operator
with L|Ck conformally invariant, and U is a natural differential operator carrying Ek →
Ek+1.
Without speculating on any possible implications that the Qk might have for topol-
ogy, this theorem says that from the viewpoint of conformal geometry, and modulo local
conformally invariant operators and divergence type operators, the Qk are k-form ana-
logues of the Pfaffian. That is, for forms of degree k ≥ 1, they play at least one of the
roles that the Pfaffian plays for k = 0.
4. Conformal forms and a period map
Suppose now thatMn even is compact without boundary (but not necessarily oriented
or connected) and equipped with a Riemannian signature conformal structure [g]. We
construct a family of invariant bilinear forms.
Recall that a conformal structure [g] is equivalent to a canonical non-degenerate sym-
metric bilinear form g that takes values in densities of weight 2. We term this the
conformal metric (see e.g. [10] for further discussion) and if g is a metric in the confor-
mal class then g = σ−2g for some non-vanishing weight 1 density σ. For k-forms ξ, η,
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let ξ·η be the local form inner product determined by g−1, and 〈ξ, η〉 := ∫ ξ·η. Consider
the quadratic form
Qk : Ck × Ck → R, Q(ξ, η) = 〈ξ,Qkη〉.
Since the operator Qk is formally self-adjoint at any metric from [g], the form Qk is
symmetric.
Let HkG := {ξ ∈ Ck | δQkξ = 0}. Because the Qk acts as (dδ)n/2−k + LOT on closed
forms, the system of equations (at each given conformal scale) satisfied by elements
of HkG is elliptically coercive, and thus HkG is finite dimensional. In more detail, each
ξ ∈ HkG satisfies a fixed system of the form(
d
δ
{
(dδ)n/2−k + LOT
} ) ξ = 0,
and so also satisfies the Laplace-type equation
0 =
(
(dδ)n/2−kδ | d)( d
δ
{
(dδ)n/2−k + LOT
} ) ξ
=
{
(δd + dδ)n/2−k+1 + LOT
}
ξ.
Let Θ˜k be the restriction of Qk to a quadratic form HkG ×HkG → R.
Let HkG be the image of HkG in the cohomology Hk, under the cohomology class map
ξ 7→ [ξ]. Note that is a conformally invariant subspace of Hk. We claim that Θ˜k gives
rise to a quadratic form Θk on H
k
G via
Θk([ξ], [η]) = Θ˜k(ξ, η).
To see that this is well-defined, let ξ, ξ′ ∈ HkG with ξ′ − ξ = df . Since
Θ˜k(df, η) = 〈df,Qkη〉 = 〈f, δQkη︸ ︷︷ ︸
=0
〉 = 0,
we have Θ˜k(ξ
′, η) = Θ˜k(ξ, η).
In [10], a conformal manifold (M, [g]) is called (k − 1)-regular if the map HkG → Hk
above is surjective; that is, if HkG = H
k. (We expect this condition to hold for generic
conformal manifolds (M, [g]).)
Theorem 4.1. If (M, [g]) is (k − 1)-regular, then Θk : Hk × Hk → R is a confor-
mally invariant quadratic form on cohomology. Qn/2 is the identity, every (M, [g]) is
(n/2 − 1)-regular, and Θn/2 is the integrated metric pairing. Every (M, [g]) is (−1)-
regular, and in the conformally flat case, up to a universal positive constant multiple,
Θ0 = diag(χ(M1), · · · , χ(Mp)), where M = M1 ⊔ · · · ⊔Mk is the connected component
decomposition of M .
Proof: Everything is clear or established above, except the final statement. By [8], in
the conformally flat case, each natural density with conformally invariant integral takes
the form c·Pff + δρ, where c is a constant and ρ is a natural one-form-(2 − n)-density.
Applying this to Q = Q01 and integrating, we find that
c·χ(Mj) =
∫
Mj
Q.
The round sphere, where Q = (n− 1)!, serves to normalise c:
2c = (n− 1)!̟n ,
Pontrjagin forms, Q-space 9
where ̟n is the volume of the round sphere. Each connected component contributes
one dimension of 0-cohomology (generated by the class of its characteristic function);
this establishes that
Θ0 =
(n− 1)!̟n
2
diag(χ(M1), · · · , χ(Mp)). 
The theorem indicates that in some sense, the conformally invariant forms Θk interpo-
late between the integrated metric pairing of middle-forms and the Euler characteristic.
In another direction, we get a map from the set of conformal structures that generalises
the celebrated period map, but involves forms not of the middle degree. Recall that
above we used Ek to denote the tensor product of Ek with the (2k− n)-densities. Given
a conformal structure we may use the conformal metric to canonically identify this space
with the tensor product of ΛkTM with (−n)-densities. Then we again use δ to denote
the adjoint of d afforded by the global pairing of Ek with Ek and we write Hk for the
corresponding cohomology space. On a fixed conformal structure this change makes no
difference at all. On the other hand this contravariant point of view has the advantage
that the operators δ and the cohomology spaces Hk are now just objects belonging to the
smooth structure, and in particular are not affected by moving the conformal structure.
For 0 ≤ k ≤ n/2, let us equip Hk ⊕ Hk with the obvious symplectic structure. We
obtain the following generalisation of the period map, modelled on the construction of
Eastwood and Singer in [24] for the case n = 4, k = 1.
Proposition 4.2. For each conformal structure [g] on M , there is a well-defined map
I [g] : HkG → Hk ⊕Hk
given by φ 7→ ([φ], [Qkφ]), the range of which is a Lagrangian subspace. Thus we obtain
a map
Φ : {conformal structures on M} → GM
where GM is the Grassmannian of Lagrangian subspaces of the symplectic vector space
Hk ⊕Hk, given by Φ([g]) = R(I [g]).
Proof: By the remarks preceding the proposition, we may regard Hk ⊕ Hk as a fixed
target space, independent of the conformal structure. From the transformation law (5)
it follows that the map φ 7→ ([φ], [Qkφ]) depends only on conformal structure. (Or see
section 2.0 of [10] where I [g] is also discussed). That R(I [g]) is an isotropic subspace
follows immediately from the result [10] that, in any scale g, Qgk is formally self-adjoint.
Then dim(R(I [g]) is the kth Betti number from Corollary 2.12 of [10] and so R(I [g]) is
Lagrangian (i.e. it is isotropic and has half the dimension of Hk ⊕Hk). 
5. Natural scalars in the linear Q-space
For a metric g from the conformal class and k ∈ {0, 1, · · · , n/2 + 1}, let us fix a pair
(ξ, η) in Ck × Ck and make the definitions
(7) Q˜gξ,η := ξ·Qgkη, Qgξ,η :=
1
2
(Q˜gξ,η + Q˜
g
η,ξ), Q
g
ξ := Q
g
ξ,ξ .
(Recall that ξ·η is the pointwise form inner product determined by the conformal metric
g.) This makes each quantity in the display a density. At the moment, we make no
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naturality assumption on ξ or η. Related to these constructions are the differential
operators L˜ξ,η, Lξ,η, and Lξ carrying E0 to E0, defined by
(8) L˜ξ,ηf := ξ·Lk(fη), Lξ,η = 1
2
(L˜ξ,η + L˜η,ξ), Lξ = Lξ,ξ .
Note that by construction each operator in (8) is conformally invariant. Some properties
of these are summarised in the following proposition.
Proposition 5.1. (i) At a fixed conformal scale g, Qgξ,η is a density. Under a conformal
change of metric to ĝ = e2ωg this has the conformal transformation
(9) Qĝξ,η = Q
g
ξ,η + Lξ,ηω.
(ii) The operator Lξ,η has the form δM
g
ξ,ηd and is formally self-adjoint.
(iii) On compact manifolds
∫
Qξ,η is conformally invariant.
(iv) In the case k = 0 we have that Qg1,1 is the Q-curvature.
Proof: Part (i). Since Q˜gk takes values in Ek and the form inner product carries a density
weight of −2k, the scalar densities Q˜ξ,η have weight −n. Thus this also holds for Qξ,η.
The transformation law is an immediate consequence of the transformation law (5) for
the Qgk operator. (In fact, the stronger statement obtained by attaching a tilde to each
quantity in (9) also holds.)
Part (ii). Since η is closed,
Lk(f1η) = δQ
g
k+1
(
ε(df1)η
)
for any function f1. Thus L˜ξ,η has d as a right composition factor. On the other hand
for another function f2, from the fact that ξ is closed we have
〈f2ξ, δQgk+1
(
ε(df1)η
)〉 = 〈ε(df2)ξ,Qgk+1(ε(df1)η)〉,
where recall 〈φ,ψ〉 = ∫ φ·ψ. Thus δ is a left composition factor of L˜ξ,η and overall we
have that L˜ξ,η = δM˜
g
ξ,ηd for some differential operator M˜
g
ξ,η. Continuing our integration
by parts we see that
〈d(f2ξ), Qgk+1d(f1η)〉 = 〈Qgk+1d(f2ξ), d(f1η)〉 = 〈d(f1η), Qgk+1d(f2ξ)〉
= 〈f1, η·δQgk+1d(f2ξ)〉
and so L˜η,ξ is the formal adjoint of L˜ξ,η. Symmetrising over ξ and η the claimed results
follow.
Part (iii) is immediate from parts (i) and (ii). Finally, by definition Qg1,1 = Q
g
01 and
so (iv) is immediate from the result Q = Qg01 in Proposition 3.1. 
An interesting possibility is to take ξ, η in (7) to be invariant forms arising from
a connection D, for example ξ = η = sℓ(F
D). Then (for example)
∫
Qgξ gives some
conformal coupling between the geometric structure and the connection D.
In the case that D is the conformal tractor connection this yields natural invariants
Qξ. As a result, we have the following.
Theorem 5.2. For each pair of conformal k-forms τ, κ, where 0 ≤ 4k ≤ n/2 − 1, the
scalar Qgτ,κ field is a natural invariant in the linear Q-space IQ. On compact manifolds∫
Qgτ,κ is an invariant of the conformal structure.
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5.1. A coupled generalisation of Qn/2−1. The operator
Qn/2−1 : En/2−1 → En/2−1
has the explicit formula Qgn/2−1 = dδ− 4P♯+2J. Here we view the Schouten tensor P as
an endomorphism of the tangent bundle and ♯ indicates the usual (⊗-derivation) action
of such an endomorphism on tensors (in this case on forms). J is the trace of P.
Acting on the closed forms Cn/2−1, we have the conformal transformation law
Qĝn/2−1κ = Q
g
n/2−1κ+ 2δd(ωκ).
This transformation law is preserved if we couple to a connection. Suppose D is a
connection on some vector bundle V. Then write QD,gn/2−1 for the operator on the V-
valued (n/2− 1)-forms En/2−1(V) given by the formula
dDδD − 4P♯+ 2J.
Write Ck(V) for the space of V-valued k-forms κ satisfying the identity dDκ = 0. By
direct calculation one readily verifies the following result.
Theorem 5.3. For any vector bundle with connection (V,D)
QD,ĝn/2−1κ = Q
D,g
n/2−1κ+ 2δ
DdD(ωκ),
for κ ∈ Cn/2−1(V) and ĝ = e2ωg.
Since the curvature F of the connection D and its exterior powers are annihilated
by dD, it is straightforward to use these to construct coupled quantities in the linear
Q-space. Once again natural scalar fields are obtained when we specialise to the case
in which D is the tractor connection ∇ on the standard tractor bundle T and its tensor
powers. Writing Ω for the curvature of the tractor connection on T, in dimension 6 we
have
(10) ΩAB·Q∇2 ΩBA
for example. Here we have displayed abstract tractor indices but omitted form indices.
Direct computation yields the following description of this invariant in terms of classical
curvatures. Let Aabc := 2∇[cPb]a be the Cotton tensor, let
Wabcde := ∇eCabcd + 2ge[aAb]cd + 2ge[cAd]ab,
and let
Uabcd := ∇aAbcd − PaeCebcd.
Then [26, 31, 15]
I := |W |2 − 16(C,U) + 16|A|2
is conformally invariant in dimension 6. Gover and Peterson [30] note that G := ∆|C|2 =
δd|C|2 admits the linear and formally self-adjoint conformal change law
Ĝ = G+ 4δ(|C|2dω).
Fefferman and Hirachi [28] note that
H := −CabcdCabcePde + |A|2 + 1
4
|C|2J
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has a linear conformal change law, which can be shown by direct computation to be
formally self adjoint; in fact,
Ĥ = H +
(
1
4
|C|2∆+ 4∇cPabCacbd∇d + CacdeCbcde∇a∇b
)
ω.
The invariant (10) is
ΩAB·Q∇2 ΩBA =
1
4
I +
1
8
G− 2H − 1
4
CabcdC
ab
efC
cdef −CabcdCaecfCbedf .
In dimension 10, examples include (skewing over the unexpressed tensor indices in
each Ω⊗ Ω)
ΩABΩ
B
C·Q∇4 ΩCEΩEA and ΩABΩCE·Q∇4 ΩECΩBA.
One might expect that there is a result generalising Theorem 5.3 to the Qk for k ≤
n/2− 2. This is not the case.
Theorem 5.4. Suppose that
QD,gn/2−k : Ck(V)→ Ek(V), k ∈ {0, 1, · · · n/2− 2}
is given by a universal polynomial formula, with natural coefficients, in the connection
D coupled with the Levi-Civita connection. Suppose further that for any vector bun-
dle/connection pair (V,D) we have
(11) QD,ĝn/2−k = Q
D,g
n/2−k + S
g,DdDω
whenever ĝ = e2ωg. (In the last term of (11) we view ω as a multiplication operator.)
Then the operator Sg,DdD vanishes on conformally flat structures.
Proof: It is straightforward to show that without loss of generality we may assume
that Sg,D is also given by a universal polynomial formula, with natural coefficients,
in the coupled connection. From formula (11) it follows that Sg,DdD is conformally
invariant acting on ωCk(V) for each function ω. Thus by linearity we obtain an operator
Sg,DdD : Ek(V)→ Ek(V) which is conformally invariant for any vector bundle/connection
pair (V,D). But Proposition 1.1 of [29] shows that any such operator vanishes on
conformally flat structures. 
5.2. A more complete picture. Although it is a slight digression we should point
out that many of our constructions generalise without difficulty in an obvious way. For
example Proposition 5.1 shows that Qk generates scalar fields in the linear Q-space via
(7). However if we take (ξ, η) ∈ Ck−ℓ×Ck−ℓ, for ℓ ≤ k, then the formula (7) may be used
to instead give an operator Qk,gξ,η : Eℓ → Eℓ. In abstract index notation, we take (up to
nonzero constant multiples) ξak−ℓ+1···akQa1···ak
b1···bkηbk−ℓ+1···bk to obtain (Q˜ξ,η)a1···aℓ
b1···bℓ ,
and set Qξ,η =
1
2(Q˜ξ,η + Q˜η,ξ). These maps have properties as follows.
Proposition 5.5. (i) Qk,gξ,η is a differential operator which, upon restriction to the closed
forms Cℓ, has the conformal transformation law
Qk,ĝξ,η = Q
k,g
ξ,η + δQ
k+1,g
ξ,η dω where ĝ = e
2ωg,
and on the right hand side ω is viewed as a multiplication operator.
(ii) The operator δQk+1,gξ,η d is formally self-adjoint.
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(iii) Qk,gξ,η determines a conformally invariant operator
Qkξ,η : Cℓ → Cℓ := Eℓ/δEℓ+1 .
(iv) On compact manifolds Qk,gξ,η induces a conformally invariant pairing between N (δQk+1,gξ,η d)
and Cℓ given by
(µ, ρ) 7→
∫
µ·Qk,gξ,ηρ.
In particular we get a pairing on Cℓ × Cℓ.
(v) δQk,ĝξ,η is conformally invariant on the null space of δQ
k+1,g
ξ,η d : Eℓ → Eℓ. Thus in
particular it is conformally invariant on Cℓ.
Proof: Parts (i) and (ii) are proved by obvious adaptations of the earlier arguments.
Parts (iii) and (iv) then follow immediately. It is shown in [10] that on Ek we have
δQĝk = δQ
ĝ
k + cι(dω)δQ
g
k+1d, for some constant c. Part (v) follows easily. 
The Proposition shows that the operators Qk,gξ,η generalise in a natural way the oper-
ators Qgk of [10]. Many of the other results for the Q
g
k carry over to the Q
k,g
ξ,η . In fact
the story is still more general since we can compose the Qk on the right by exterior
multiplication with any closed form and on the left by interior multiplication with any
closed form. In these matters we are making no attempt be complete in the current
note.
By using conformal forms for the ξ, η in these constructions the operators in the
proposition become natural operators. Of course since the conformal forms vanish on
conformally flat structures the resulting operators all vanish (apart from the Qgk), and
this includes the natural scalar fields in the linear Q-space that we constructed earlier
as a special case.
6. An example
Consider the case of a 10-dimensional manifold M = CP2 × N , where N is a con-
formally flat 6-dimensional manifold of constant scalar curvature ν. The factor CP2 is
supplied with the Fubini-Study metric. Under these circumstances the Pontrjagin 4-form
κ of M is just (i.e. pulls back to under inclusion of a submanifold CP2 ∼= CP2×{y}) that
of CP2, and this is an eigenform of Q4 with eigenvalue a nonconstant affine function of
ν. Thus, except for one value of ν, the quantity Qκ is nonzero.
First we claim that on general oriented Riemannian 4-manifolds, the Pontrjagin 4-form
of the Levi-Civita connection is
(12) pLC1 =
1
96π2
(|C+|2 − |C−|2)E,
where E is the volume form. In fact, from (3) and Proposition 2.4, we have
pLC1 = −
1
8π2
s2(C).
An elementary calculation gives
4!g(s2(C), E) = C
a
bcdC
b
aefE
cdef = 2Cabcd(⋆C)
b
a
cd
= 2(C+ + C−)
a
bcd(C+ − C−)bacd = −2(|C+|2 − |C−|2),
so that
s2(C) = − 1
12
(|C+|2 − |C−|2)E.
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Equation (12) follows immediately.
Now consider the special case of CP2 with the Fubini-Study metric g. CP2 is ori-
entable, its Euler characteristic is χ = 3, and its signature is σ = 1. The usual metric
normalisation has scalar curvature 24 (and thus Schouten scalar 4) and volume π2/2.
The Pfaffian in dimension 4 is
Pff =
1
32π2
(|C|2 − 8|S|2 + 6J2),
where S is the trace-free Schouten tensor. Since g is locally symmetric, ∇C vanishes
and |C|2 is constant. Since g is Einstein, S = 0; this and the above data give |C|2 = 96.
The Hirzebruch polynomial (signature integrand) in dimension 4 is
L =
1
48π2
(|C+|2 − |C−|2),
so |C+|2 = 96 and |C−|2 = 0, reflecting the fact that CP2 is half conformally flat, and
indicating which half is flat. In particular,
pLC1 (CP
2, g) = E/π2,
where E is the volume form of g, and
∫
CP
2 pLC1 =
1
2 .
Now consider the 10-dimensional manifold CP2 × N . Since the Riemann curvature
tensor is additive over products it follows easliy that the Pontrjagin forms of a direct
product depend only on the Weyl tensors of the factors. Now
Q4κ = (dδ − 4P♯+ 2J)κ = 2(J− 2P♯)κ,
since κ is (parallel and hence) harmonic. The scalar curvature of M is 24 + ν, so the
Schouten scalar is J = (24+ ν)/18. The pullback to CP2 of the Schouten tensor P of M
is (84− ν)g/144, so P♯κ = (84− ν)κ/36. Thus κ solves the eigenvalue problem
Q4κ = 2(ν − 30)κ/9
(see Section 7.1). Since by construction ∇ annihilates Qκ = κ·Q4κ, the function corre-
sponding to this density under the metric g is constant, and the above shows that this
constant is nonzero as long as ν 6= 30. In particular, ∫ Qκ is nonzero if ν 6= 30.
7. Invariant nonlinear functionals and prescription problems
For the moment, suppose our conformal manifold is compact, but not necessarily of
Riemannian signature. For each quantity Q in the linear Q-space, we define a two point
functional K(ĝ, g) = KQ(ĝ, g) on the conformal class [g] by
K(ĝ, g) = 12
∫
M
ω(ĝ, g)(Qg +Qĝ),
where ω(g, ĝ) is the unique function on M satisfying ĝ = e2ω(g,ĝ)g. As a C∞(M)-valued
function on the conformal class [g], ω is a cocyle:
ω(g2, g1) = −ω(g1, g2), ω(g3, g2) + ω(g2, g1) = ω(g3, g1)
for any metrics g1, g2, g3 ∈ [g]. The real valued function K is also a cocycle in this sense:
it is alternating because ω is, and with ωij := ω(gi, gj) and Qj := Q
gj , we have
ω21(Q1 +Q2) + ω32(Q2 +Q3) = 2ω31Q1 + ω21Lω21 + ω32Lω32 + 2ω32Lω21 ,
using the conformal invariance of L and the conformal transformation law for Q. This
differs from
ω31(Q1 +Q3) = 2ω31Q1 + (ω21 + ω32)L(ω21 + ω32)
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by
ω32Lω21 − ω21Lω32 ,
which is a divergence since L is formally self-adjoint. This proves that
K(g3, g2) +K(g2, g1) = K(g3, g1).
Fixing a metric g0, we wish to look for metrics that are critical for the functional
K(g, g0) with respect to conformal variations of g. Because uniform scaling of g results
in the addition of constant multiples of the conformal invariant c :=
∫
Q to the functional,
we can either restrict ourselves to equal-volume perturbations (thus freezing out uniform
scaling), or add a volume penalty to the functional, as in:
M(g, g0) = − c
n
log
vol(g)
vol(g0)
+K(g, g0) =: V(g, g0) +K(g, g0).
Note that the functional V depends on our Q-quantity through the constant c. The func-
tional M(g, g0) is invariant under uniform scaling: addition of a constant b to ω(g, g0)
increases K by bc, and decreases V by the same amount. In addition, the penalised
functional M is a cocycle on [g]. Thus the problem of finding critical metrics or of
extremising M(g, g0) is independent of the choice of base metric g0, since choosing base
metric g1 instead just adds the constant M(g0, g1) to the functional.
Remark: In what follows, we shall integrate both densities and functions. The integral
of a density, for example
∫
Q, makes sense given only a conformal class. To integrate a
function f , we need to choose a metric g within the conformal class and use its (pseudo-
)Riemannian measure; we shall denote this process by
∫
f dvg. Though Q is a density,
the notion of a metric g of constant Q is well-defined. The choice g of scale induces an
identification of all the density bundles E [w]; in particular there is a canonical function
(0-density) corresponding to Q via the metric g, to which we also give the name Q.
Now restrict to the Riemannian signature setting, keeping the underlying manifold M
compact. Taking an equal-volume conformal curve of metrics e2βtg, with β0 = 0, and
differentiating to find the variation, we have
d
dt
M(e2βtg, g0)
∣∣∣∣
t=0
=
d
dt
K(e2βtg, g0)
∣∣∣∣
t=0
=
d
dt
(K(g, g0) +K(e2βtg, g))
∣∣∣∣
t=0
=
∫
βQgdvg,
where β := (d/dt)βt|t=0 . As {βt} runs through all equal-volume conformal perturba-
tions, β runs through all smooth functions with
∫
βdvg = 0; that is, all β which are
g-orthogonal to the constants. The critical metric condition on g is just Qg = const.
In fact, the value of the constant at a critical metric g is determined by the conformal
invariance of c =
∫
Q to be Qg = c/vol(g). Note that becauseM is invariant under uni-
form scaling, it was sufficient (in determining the critical points) to take equal-volume
perturbations.
Remark: The function Q satisfies the exponential prescription equation
(13) Pω +Q = Q̂enω,
where P is the operator on functions obtained from the scale-induces density/function
correspondence described in the last remark. The behavior of this prescription equation
as a PDE problem varies with the order of L. At the high-order end is the original
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Q-curvature, whose L has the form ∆n/2 + LOT, and in particular is positively elliptic.
(A special case is Gauss curvature prescription in dimension 2.) At the other extreme
are Q-quantities with L = 0; i.e. local conformal invariants. For such a quantity, the
prescription problem is just algebraic: Given g, we can find a conformally related ĝ with
constant Q̂ if and only if the sign (+, −, or 0) of Q is constant; and then such a ĝ is
unique up to uniform dilations.
Suppose that we have an M-critical metric g0, i.e. a metric with constant Q0, and
consider the corresponding one-metric functional
Hg0(g) :=M(g, g0) = − c
n
log
vol(g)
vol(g0)
+K(g, g0),
where c is the conformal invariant
∫
Q.
Theorem 7.1. If Q0 is constant, the functional Hg0(g) is invariant under conformal
diffeomorphisms h in the identity component of the conformal group of (M, [g0]), in the
sense that Hg0(h·g) = Hg0(g), where on covariant tensors h· = (h−1)∗.
Proof: We need to know that
M(h·g, g0) ?=M(g, g0).
We know that
(14) M(h·g, h·g0) =M(g, g0),
since this is true of the V functional (diffeomorphism does not change the volume), while
for the K functional,
2K(g, g0) =
∫
ω(Q0 +Q) =
∫
h· {ω(Q0 +Q)} =
∫
(h·ω)(Qh·g0 +Qh·g),
by naturality of Q. Since h·ω(g, g0) = ω(h·g, g0), this is
2K(g, g0) =
∫
ω(h·g, h·g0)(Qh·g0 +Qh·g) = 2K(h·g, h·g0).
Using the cocycle condition and (14), we have
H(h·g) =M(h·g, h·g0) +M(h·g0, g0) =M(g, g0) +M(h·g0, g0)
= H(g) +M(h·g0, g0).
Thus what we need to show is that the very last term M(h·g0, g0) vanishes. Since it
vanishes with V in place of M, what we need to show is the vanishing of
(15)
2K(h·g0, g0) =
∫
ω(h·g0, g0)(Q0 + h·Q0)
= Q0
∫
ω(h·g0, g0)(dvg0 + dvh·g0),
the last simplification depending on the fact that as a function, Q0 is constant (and so
equals its pushout h·Q0 under h).
The corresponding infinitesmimal statement comes from taking h = ht in a one-
parameter group of conformal transformations, and computing (d/dt)|t=0 of (15). This
yields 2Q0
∫
ω dvg0 , where ω is the infinitesimal conformal factor of the conformal vector
field T generating the ht:
LT g0 = 2ωg0 ,
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where LT is the Lie derivative. However n
∫
ω dvg0 is the variation of the volume in this
conformal diffeomorphism direction, and so it vanishes. This establishes invariance of H
under transformations from the identity component of the conformal group G of (M, [g])
(in which the one-parameter groups generate a dense set). 
Remark: For a conformal transformation h in another connected component G1
of the conformal group of (M, [g0]), we get the same invariance statement provided G1
contains an isometry of g0. Indeed, H is clearly invariant under isometries: the integrand
of (15) vanishes identically for the isometry invariance problem.
Given a critical metric g0, an interesting way to rewrite the functional H(g) =
M(g, g0) is as follows. Using the constancy of Q0 and the conformal transformation
law enωQ = Q0 + L0ω (where ω := ω(g, g0)), we have
H(g) = − c
n
log
∫
enωdvg0
vol(g0)
+
(
Q0
∫
ω dvg0 +
1
2
∫
ω(L0ω)dvg0
)
.
Since Q0 = c/vol(g0), the first term on the right side can be combined with the left side
to give
(16) H(g) = −Q0vol(g0)
n
log
∫
en(ω−ω)dvg0
vol(g0)
+
1
2
∫
ω(L0ω)dvg0 ,
where ω is the g0-average value of ω.
In the case of the original Q-curvature, for which L is the critical GJMS operator, and
of the standard conformal class on the sphere Sn, the quantity on the right hand side of
(16) is the one asserted to be nonnegative by the celebrated Beckner-Moser-Trudinger
inequality [4]. In this case Q = (n − 1)! (at the round metrics, which constitute one
orbit within the conformal class under the conformal diffeomorphism group). What we
have done above is to generalise this form and its conformal transformation invariance
to arbitrary Q-quantities:
Corollary 7.2. If Q0 is constant, the functional (16) is invariant under conformal dif-
feomorphisms h in the identity component of the conformal group of (M, [g0]).
7.1. Generalised prescription problems. The prescription problem for the (classi-
cal) Q-curvature is generalised by the prescription/eigenvalue problem of finding a triple
(ĝ, κ, λ) ∈ [g] × HkG × R with the property that Qĝkκ = λκ. From the viewpoint of an
arbitrary scale g ∈ [g], this is the differential equation L(ωκ)+Qkκ = e(n−2k)ωλκ, where
ω = ω(ĝ, g). (We could also state a version of this problem where we demand only that
κ ∈ Ck. So one may ask, for example, whether the problem may be solved with κ a Pon-
trjagin form.) Note that for any solution (ĝ, κ, λ) with λ 6= 0, the conformal harmonic κ
is actually a harmonic at the scale ĝ, since 0 = δQkκ = λδκ. Note also that the example
worked out in Section 6 is an example of this eigenvalue phenomenon. If we nominate
and fix a conformal harmonic (or closed form) κ, then the overall problem generalises
constant Q-curvature prescription: here the general harmonic is a linear combination
of indicator functions for the connected components of our compact manifold. In any
case where we have a solution (ĝ, κ, λ), the conformally invariant quantity 〈κ, Q̂κ〉 is the
eigenvalue λ times
∫
(κ, κ), where the latter is computed in the scale ĝ. In the usual (i.e.
k = 0) problem
∫
(κ, κ) is a nonnegative linear combination of the component ĝ-volumes,
in which the coefficients are the squares of those on the indicator functions in the original
expression for κ. Put another way, we see that the information in 〈κ, Q̂κ〉 for general
form order generalises that provided in the 0-form case by the conformal invariants
∫
Mi
Q
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for Mi the connected components of M . The eigenvalue problem described above is a
corresponding generalisation of the problem of precribing constant Q̂ on some chosen
union of connected components.
Knowledge of the scale ĝ in which the eigenvalue λ is attained yields further informa-
tion on λ and κ which depends explicitly on ĝ. To describe this information, note that
in the equation 〈κ, Q̂κ〉 = λ〈κ, κ〉, the left side uses the conformally invariant quadratic
form Θ˜k (of Sec. 4) on HkG, while the right side uses the (scale-dependent) ĝ-metric
form. Let Bk := dimHkG. Composing Θ˜k with the inverse of the ĝ-form gives an endo-
morphism T ĝ of HkG with a full complement λ1 ≤ · · · ≤ λBk of real eigenvalues (by the
symmetry of the conformally invariant quadratic form). Denoting by κi the correspond-
ing eigenvectors, the (λ, κ) solving our problem must be one of the pairs (λi, κi) from
this list.
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